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INSTRUCTIONS REGARDING

P'IOC.
TRIGONOMETRICAL DIFFERENTIAL
SCALES

Those who are familiar with Slide Rule Art know that the
standard practice in regard to Trigonometrical Calculations is
to provide several lengths of logarithmic Sine and Tangent
Scales. In order to effect economy of scale length, most
orthodox designs sacrifice accuracy by relating the Sine scales
to the “half length” A and B scales and only supply a “‘single
scale length” to serve for both of the Sine and Tangent ranges
34 minutes to b degrees—45 minutes, an approximation which
cannot be justified if the accuracy maintainable by the C and
D scales is to be upheld. By this now obsolete method, for
accuracy over a part range somewhat in accord with that
possible with the C and D scales, four *'full length” scales are
required. Such scales or approximate equivalents cannot
normally be accommodated on the face of the slide together
with the B and C scales and have to be relegated to the under-
side where they are not readily available for manipulation in
conjunction with the other seales on the face of the Rule. For
many, these scales serve only as reference conversion scales
when trigonometrical tables are not to hand and in this respect
for certain Inverse Sine determinations are little more than
useless.

In contrast to reduction of scale length at the expense of
accuracy by approximations or the relating of the trigono.
metrical scales to the A and B scales, the P.I1.C. new system of
Direct and Inverse Sine and Tangent Differential Scales, which
together comprise less than a “full scale length,” are designed
in relation to the D scale and give consistent maximum accuracy
over an extended angle range. This efficient curtailment of
scale length permits of these patented scales being accommo-
dated on the slide between the C and D scales (as shown in
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Fig. 1) where they are readily available for use in conjunction
with the other scales on the face of the Rule. The advantages
which acerue from this direct accessibility and increased angle
range are obvious; experience with the scales will scon reveal
their superiority as compared with the ordinary standard scales
and furnish evidence that they are highly effective at all parts
of the complete angle range— Direct and Inverse —and facilitate
a degree of accuracy more consistently high.

In operation, the C and D scales of the designs which
incorporate the Trigonometrical Differential Scales, in addition
to serving for the ordinary number range, also function as
Deci-Angle Scales. Angles (in degrees and decimals) are applied
to the C or D scales and results that are measures of angles read
from the D scale.

The Direct Sine and Tangent Differential Scales provide the
necessary divisor correcfives that must be applied to angle
readings on C or D to provide the respective trigonometrical
functions. Similarly, the Inverse Sine and Tangent Differential
Scales provide the divisor correctives that must be applied to
function values on D to furnish the corresponding angles on 1)
at Cl or C10.

The appearance of, for example, the Sine Differential Scale
in the region of the 0°to 30° mark, in the respect that the
distance is so comparatively short and the divisions so few may
suggest to the non-mathematical beginner that the accuracy is
accordingly somewhat limited, but after a little practice with this
scale, and thought regarding the nature of Sines, the user will
correctly interpret the meaning of these small variations of the
divisor correctives for the early angle range. Similar observations
can be made with regard to the other Scales. After comparison
with tabulated and calculated results, users will soon realise
that the highest significant figure accuracy possible by the C
and D scales is consistently maintained by the Differential
Scales over the complete angle range.
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On inspection of the Rule it will be observed that the
Common Zero of the Direct Scales is at ‘'U” and coincides with

the C scale reading 573, 7., 11%0. Inverse Scales have their
Common Zero at *'V” which corresponds to a C scale reading
of 001746, f.e., 120. (The respective uses of the gauge marks

U, m, and s, are enumerated on pages 16 and 17, where also
the determination of Sines and Tangents of angles less than
3 degrees are specially considered).

Just as the letters A, B, C, and D are used in the general
instructions in reference to the standard scales and K to the
cursor line so will the following symbols be employed in regard
to the Differential Scales:

S refers to the Direct Sine Differential Scale

5 do. do. Direct Tangent do.

I s do.  do. Inverse Sine do.

Is do. do. Inverse Tangent do.

Thus $60° will refer to the 60° line of the Direct Sine Differ-
ential Scale and so on.
These * Differential Scales” are exceedingly simple to man-

: EJI late as will be seen from the following worked examples:

B.—It will be assumed that the user can manipulate the C and D
scales and has a sufficient knowledge of Bines, tangents, ete., to
enable the decimal points to be fosi oned in the various slgnificant

re rigsglts obtained, The following table may prove useful at

& outset,

x 0001 001 01 1°0

Sin~lx | 0°~3"-26" | 0°-34'-23" |5°-44'-21" 90°

Tan"'x | 0°-3'-26" | 0°-34'-923" | 5°-42'-38" 45°

X 10 100 1000

Tan~lx [84°-17'-22"|89°-25'-37"|89°-56"-34"
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Example 1.
(a) To determine the value of Sine 43°.

Set the cursor at D43 and move the slide bringing $43° to
the cursor. Read the value of Sine 43° on the D scale at
(C1 or) C10. Viz. 0-6820.

(b) To determine the valm of Tan 36-5° (less than 60°).
Set the cursor at D365 and move the slide bringing $36:5°
to the cursor. Read the value of Tan 36-5° on the D scale at

(Clor) C10 .. Vis. 01740
(¢) To determme the vaiue of Tan 76° (greater than 60°)
Tan 76° = - s

Tan (90°—76°)  Tan 14°

To D1 bring C14 and move the cursor to €14°, Read the
value of Tan 74° on the D scale at the cursor.

Vis. 401
(d) Express (i) in degrees (i1) in radians, the angle whose
Tangent is 09, i.e., the value of Tan=" 0-9.

Set the cursor at D9 and move the slide bringing 1509 to
the cursor. Read the degrees of angle on the D scale at C1
(or C10) ... e P 490

For radians read on the D scale o g ke Vis. 0733
(e) Determine the value of the angle (in degrees and
decimals) whose Sine is 0-66, i.e., the value of Sin=1 0-66.

Set the cursor at D66 and move the slide bringing 15066
to the cursor. Read the desired angle on the D scale at C1
(or CI0) v Vi 41°8° or 41°—18'

It will be observed from parts (a), (b), (c), and (d) of the
foregoing example that

36 D
$365°°

09 0-66
1509 ' 15066
(See Theoretical Considerations, pages 20 to 22)

6
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Example 2.
(a) To determine the value of 73 Sin 52°,

Set K at D52, $52° to K, K to C73 and read the result on
Bat K. L e Ve BIS
or alternatively

Set K at D73, $52° to K, K to C52 and read the result on
b2x7T3 73 % b2
sbr ° sba
(b) Similarly treat 26 Tan 4I° as:~
26 x 41 41 % 26
R R o
Set K at D 26, $41° to K, K to C41 and read the value on
DAk, iy Sl 988
or alternatively

Set K at D41, $41° to K, K to C26 and read the result on

D at K., ie, treat as

et Rl Y N DL
Example 3.
(a) To determine the value of S 13; &
treat as 159890
38
Set K at D133, C38 to K, K to $38° and read the result on
Datilc - .. ... Vis. 216*0
(b) To determine the value of :7,,
ek 1625 27
reat as —.
Set K at D162, C27 to K, K to 327" and read the result
onDatK... e Viz, 3180

In practice it will be found that the position of the
Trigonometrical Differential Scales on the slide between the
B and C scales enables most of the common evaluations to be
effected with absolute continuity of operation

1



The following typical cases regarding Solution of Triangles
etc., are intended to serve as useful practice exercises ;

Right-angled Triangles
In the accompanying reference right-angled triangle “‘a” is

oy

the shortest side subtending the smallest angle “'o”, (the mag-
nitude of « therefore never exceeds 45°). “b” the medium side
subtending the angle g, and “c” the hypotenuse.

Given any two of the sides to determine the angles.
Q.1a. Given “a”=160 and “b”=231, determine “o”,
a
p=Tan g, 7i¢,, o =Tan“% - g?
Hence, to determine a ( the angle less than 45°), move
K to D160 and arrange C231 to K, place K at C10

and read the value of _;: at KonD. ... Viz 06925

Bring 1506925 to K and read the magnitude of “a’
onthe D scaleat C1... ... ..=34'T° or 34°—42'
8=(90-a)=55"3° or 56°—18"

Q.1b. Given a=312, ¢=555, determine a.
—1a_ 312
HHd
K to D312, C555 to K, K to C10 and read the value
of Z‘ at K on D., ziz. 0°562. Bring 180°562 to K and

read the magnitude of a on the D scale at C1 or C10
=34:2° or 34°—12'

g 4
==85in a a=Sin
c

B 2
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Q.1c. Given b=46+8, ¢=61D, B required.
Inasmuch as the Inverse Sine scale is from 0 to 1, 7.e.
for the complete angle range 0°to 90°, g may be
determined as in Exercise 1b. from g= Sin"t—) =;—$—-—:g
B=49'65° or 49°—33
In each of the previous exercises it will be observed that the
angle magnitude is obtained from the D scale in degrees and
decimals of a degree. Forscience and engineering computations
this is usually the most desirable form. Such results are readily
converted at sight to angles in degrees and minutes by applying
the factor 60 to the decimal portion of the degree.
eg., 04D of a degree = (0°45 % 60) or (45 x 6) minutes
=27 minutes.

vice versa,

51

51 minutes = 80 of a degree = 085 of a degree.

‘When given any one side and an angle (other than the
right angle), to determine the remaining sides of the
right angled triangle.

All variations of this case can readily be solved in stages by
such manipulations as those detailed in Examples 2 and 3,
page 7. Alternatively, the following method, based on the

relationship for right-angled triangles that:
a b c

a Pa Bu
and which is expressed diagrammatically by -

€60° o* % ape
PBscate | * [} ¥ ] $ scate

1
i
"
]
i

-4
C scale | é
scale

{shortest side)
should prove useful inasmuch as the dimensions of both
of the remaining sides are obtainable from a single setting of
the slide (“‘end switching” excepted, in which case a second
movement is necessary, see S.2b.),
]

lhvpot:nme)



Q.2a. Given ¢=533, «=35"~18', to determine and a b.
[Note, if instead of a, 8 is given and is greater than 607,
first obtain a from (90—38) and operate with (the least
angle) to ensure being within the B range]. Place K at
D533 and set the slide so that $35-3° is at K.

Move K to $36°3 and read “b” on Dat K ... 435
Move K to C35'3 and read “a” on Dat K ... 308

Q.2b. Given b=930, «=238"—21’, a and c required.

K at D930, $38-3b 1o K.

K to C38-35 and read “a” on Dat K ... ... 736
[In order to read the value of “c” on the D scale, it is
now desired to position the cursor at $38:35°. As this
is impracticable with the slide so placed, move K to
C1 and C10 to K].

K to 83835 and read “c” on Dat K ... ... 1186

Q.2¢c. Given a=225, 39°—386', to obtain b and c.
K at D226, C396 to K.
K to $39°6 and read “b” on Dat K .., ... 272
K to $39'6 and read “c”on Dat K ... ... 353

As evaluations of the types given in exercises 2a, 2b, and 2¢
so frequently occur in regard to rectangular components of
vectors, horizontal distances and vertical heights that correspond
to measurements on the incline, etc., it is desirable that the
user should memorise the diagrammatic expression of the
relationship on which the method is based. This method also
provides a ready means of ‘“‘checking” complete data of right-
angled triangles.

The following tables give the “integer” sides a, b, and ¢, of
several right-angled triangles, also the angle “a” (to the nearest
minute) which subtends the shortest side “a”. These combin-
ations may be used to furnish numerous practice exercises by
selecting from any particular set two of the given dimensions
and determining the remaining pair by means of the Slide-Rule.
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28

48

39

36

60

85 132

52 165

60 221
308 | 435
385 | 562
300 | 589
432 | 665

63
73
89
85
100
157
173
229
533
673
661
795

31" - 58
41°-7
25" — 59’
25" -3
35° 24/
327 — 47
1729
15211
35°-18'
39" —54
21 -0
33° =0

a b

87 | 4lé
204 | 253
225 | 272

93 | 476
252 | 275
336 | 377
185 672
316 | 672
616 | 663
348 | BO5
580 | 741
372 | 925

425
325
353
485
373
505
697
653

877
941
997

21° — 547

11° — 49’
38° —53'
39° 36/
1% 3

42°—-30’
41°- 4%’
15° - 234
28— 51’
49" —5¢4'
25" — 23’
38" -3

opposite the side “b", f.e,,

Oblique-angled Triangles.

Give the lengths of all sides of a triangle, to determine
the magnitude of the angle which is opposite a
particular side.

Q.3. Given a=Db41, b=0648, ¢=423. To obtain the angle

£LB.

Where S=half of the perimeter of the triangle.

S=

a+b+e

_541+648+433

=806

2

9
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Sin f ,\/(S—-a)(S“c)

= A/(806—541)(806 —423) _,\/36’1X383

541 X423 H41 x 423
Evaluate {;_2? igg on the A and B scales (observing
denominations ) and read the root of the result on the
D scale. : Viz. 0*666
Set K at D666, 150666 to K
Read the value of ]; on DRt Bl L 0l Al
orthevalueof Bon DatC2 .. ... .. 835°

Given two sides and the included angle, to determine
the remaining side and angles.

Q.4.

From the data supplied on the a.ccompa.nying figure,
determine the length of the side BC also the angles
ACB and CBA.

Imagine CD perpendicular to AB produced if necessary
After operation (i) it will be known whether D lies
within AB or is outside.
(i) Completely solve the right-angled triangle ADC.
(ii)) Derive the length BD and then solve the right-
angled triangle BDC.
(iii) From the information obtained compute the
desired angles.
12




"7e. (i) Inthe a ACD, AC=410, CAD=242"
Set the slide as explained in Q.2a, and read
AD=374, CD=168.
(ii) Then BD=374—348=26.
In the a BDC BD=26, CD=168

Tan B(,D—@ ie, LBCD=Tan™! %
Evaluate ZBCD as Q.1a ... Py w, | RPRD
CD zCBD:(QO_S.S)lﬁa 1615?’?11-‘720
e MR BT aia
Evaluate BC as Example 3 e e 1TO0
(iii) ZABC = (180—812) ... s w= G8EP
LACB = (81:2—24'2) ... A

To solve a triangle given one side and two angles.
Q.5. Given side c=309, A=34'7°, B= 64~

€y &

Delermme sides "8 “b” and “'¢”,

First obtain £C from £ C=180—(A+ B)
=180—98-7°=81:3°
o b s ey
SinA Sn B SinC
Sin r} 1 _A 5(;
SaC - Sk L
34-7 $81°3
B350 g8 TP
_SaB _ B Sc
P R TR
64 $813

PV eel e Apa s T

13
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To solve a triangle, given two sides and an angle (not
the included angle). 2
Q.6. Given c=221, a=149, A= £39°—1¢
Determine side “b” also angles B and C.
The accompanying figure is an approximate scale
drawing for the given data. It will be noted that there
are two triangles that will satisfy the conditions, namely
ABC and ABCy,

Considering the a ABC.

Sl_n_(_IZSmA * Gin C_lcgmA__cA_
c a a a%a
221 x 39'3
P Y b s A
£C = Sin (149 X 539-3")

Place K to D221, C149 to K, K to C39'3, $39'3 to K,
K to C1 (or C10) and note D scale reading. F7z. 0°939
15 0°939 to K and read £ C on the D scale at Cl1 (or

C10) A bR S

LACB = 180°-170° = 110°

LABC =180—(A+C)=180— (39 3+70) = 7o

ZABC: =£BCCi1— £A = T0°—393° ... = 307°
s _aSinB aB.%a
B e T Db A

€5 149 x 70°7 x $ 393 A
8707 x 393

2 149 % 30°7 x $393 i
Side AC1= Ty BRLINETESN )

14



TACHEOMETRIC SURVEYING
Stadia Computations

On page 9, the complete solution of the right angle triangle
is explained in detail when one side and one angle (other than
the right angle) are given. The outstanding feature of effecting
these computations by means of trigonometrical differential
scales is that only a single setting of the slide is necessary.

Inasmuch as the computations of heights and distances from
stadia data call for the treatment of two overlapping right
. angle triangles, it will be seen from the following that a rule
which incorporates the differential Sine and Tangent scales
provides the best, in jact the only means, of effecting the
evaluation of D, v and Z (see figure) when G and V° are
known, by a single setting of the slide(occasional end switching
excepted when the differential scales are related to the D scale
for maximum accuracy as in the model described).

In the following it is assumed that the tacheometric instru-

ment used is provided with an analatic lens, also that the
measurement staff is held in a vertical position.

D

G

Where V° = the inclination of the telescope.
S = the (vertical) staff reading = AC.

15



r = the “corrected” (staff) reading = AC,

D = the horizontal distance. .
v = the vertical distance.
7 = Distance on Collimation Line.

G = Uncorrected distance Z = k.s.
k = Constant for the wires (usually 100),

6 Y
Determine D, v and Z, when 8 = 45t and V° = 20°
and the constant for the stadia lines = 100.
G = 100 X 46 = 450, V° =120°% 2V° = 40°
Set the slide so that the 40° mark on the $ scale aligns with
450 on the D scale.
Then in alignment with :

20° on the $ scale read the value of Z = 4229 on the D scale
20° do. % scale do. D = 3974 do.
20 do. C scale do. u = 1446 do.

That is evaluate in accordance with the following diagram

B S SO R
X B
C Scale } L) | :
{ o DScai L i o

In the case of a value of GG which occurs towards the left of
the D scale such that $ 2V® when aligned with G results in
sV°, BV° or CV” being to the left of D.1., then end switching
must be effected by placing the cursor at C,, and then bringing
C, to the cursor. This will enable the values of the remaining
projections on the D scale to be made,

The mathematical proof which substantiates the correctness
of the foregoing method follows :

16



From the figure and remembering that

" 2 ]
Sin V° Cos v° = 0.2V
we get*
v=0G Sin V2 Cos V° = Tan V° G.Cos’V° = D Tan V°
1. Sin 2
=ZSinV° = (LQ‘;—VG
Then
Y: o YO R A '\10 £ N Vﬂ
v G.SinV°CosV® Tan V°.G.Cos'V® D.Tan V°
i Ve T~ N2
ZSinV® G. Sin 2V°
VD VG ;-‘JV-J
_\E= Tan V° _ Sin V® _Sin 2V°
v D Z G
fi&

Ve 3V _ sV 82V 82V

S Z S %

The slide rule interpretation of this form is given in the

previous figure.

When the angle V7 is small (séy.less than 3°), then
within the accuracy limits of measuring “'S”.

) S ey Gi) Z = 100r
x : 100rV?
(iii) D =7 (iv) v = 53

Q.8 GivenV® =1°~14 (7.e less than 3°),and r = 617
To determine D and “v”
Express 1°— 14/ as a degree and decimal =1:233°

D = 100%817- = 617

D.V®  617x1:233
578 573
Set K at D617, U (at 57°3) to K, K to 1'233
Read Pat KonDLy e o vaei s L8
7

To obtain “v” evaluate



Gauge Marks U, m, and s.

These are angle conversion constants, engraved on the slide
adjacent to the C scale (to which they relate), respectively
positioned according to the following values and when used as
divisors serve for the primary purpose stated:

U= lzo =57 2958 = Degrees to Radians.
X
m = -1—80“_ 20 3437 75 = Minutes to Radians.

X 60 X 60 :
s = 180XC0XE0_ 556965.0=Seconds to Radians.
That is, where « is an angle expressed in Degrees.
a' the angle expressed in Minutes.

"

a do. do. Seconds.
v do. do. Radians.
then :
AR S ¥
U or Rt

The form of the latter relationship, if memorised, will
serve to direct the use of these constants.

When an angle is small (say less than 3 degrees)
Sine @ == Y = Tan.a

approximations which give the constants ¥, m and s
an added importance as will be seen from the evalua-
tion effected in Exercise 9.

Q.9 Express the following angles in radians: (a) 26° 42,
(b) 17 8 minutes, (c) 365 secs,

(a) 26°42' treat as 26:7°
267 _ 2671

57-2958 U
18

- Radian measure ¥a =



|

Q.10

Set K at D267 and bring U to K, read wa on the D

scale at (C1 or) C10 0+466 radians.
(b) 17'8 minutes = Yp radians,
118 118

Yo = 35T T m
Set K at 17-8 on D and bring m to k, read ¥» on the
D scale at (C1 or) C10 ... ... 0°00518 radians.
(c) 365 secs. = Y radians,

g - 365 _ 365

¢ 208365 s
Kto3650n D ands to K, read Ye on I at Cl (or
C10) ... 0°00177 radians

Determine the Sine and Tangent values of 1°— 17" (less
than 3°).
Treat 1°—17" as 7T minutes.

woom
343775 m
K to 77 on D and m to K, read ¥i°_17, Sine and
Tangent for 1°—17' on D at C1 (or C10) ... 00224

Then $1°-17, Sin 1°=17’, Tan 1°-17" =

10




Differential Scales
Theoretical Considerations | -
The Differential Scales, previously referred to, are selected
Logarithmic Scales of f_(x;) which can readily be manipulated

as divisor correctives in conjunction with a Logarithmic Scale
Wy = LLHRE )
of “x” in such a manner as to cancel out the " x” and leave
the “f(x)" operative
i.e, - =f (x)

The Differential Scale mode of applying a 'Function” to the
Slide Rule is advantageous where, for a range of “x” under
consideration, the logarithmic scale length that is required for

X . ; 3 y .
f(;) is relatively short in comparison to that which would be
required for “f(x).”

Considerations of a particular ‘function” will elucidate these

statements 2
Where “a” is an angle in degrees
and “f(a)” = Sin a,

For the range a=0" to = 90", Sin a ranges from 0 to 1. A
complete logarithmic scale of Sin x would be infinitely long, a
“rule length” being required for each “cycle of number
significance” such as 0°001 to 001, 0°01 to 0 1, and 0°1 to 1,
the respective Sines for the angle ranges 3'—26" to 34’ —23",
34'—23" to 5°—44'— 21" and b°—44'— 21" to 90°

= a
For the corresponding angles, the values of [(‘—a) range from

573 to 90 or 1 to 1°571 which is only a fraction of & “cycle
of number significance” and in eonsequence only requires a
fraction of a “rule length” to completely express it.

The design and nature of the Sine Differential Scale, also
the necessary manipulative mode will be readily understood on



inspection of the Angle-Sine Logarithmic Scale Graph (Fig. 2)
and perusal of the following remarks.

The lines of the Direct Differential Sine Scale, dimensioned
by their corresponding angles, are situated on the slide at such
distances as gh, gh,, gh, from the index C.10. Orthodox
Sine Scales comprise lines at such distances as mh, mh,
m.hy, myh,, etc., measured from the index C.1.

It will be observed that the variations in length of gh, g,h,.
etc., are relatively small for the angle range 90°to 10° and that
below B° such lengths become approximately constant and
ultimately furnish a distance for the zero position (at C57 3) of

the Sine Differential Scale; whilst such lengths as mh, mh,,
m;h,, etc., undergo considerable change (in cycles).

o e

- Sines—

Seace

Fig. 2
21



Referring to Fig. 2
gh mh — mg "
hg =mg —mh=em —mh
Mantissa of Log @ — Mantissa of Log sin a
= Log_® Lharactensttc
Sina * correction.

=10 ——— = Log -2 — 8
10 sina sina

In such cases as this, where the mantissa of Log Stna is

greater than that of Log, s.e., when the graph is above “ef”

giving “‘h g” a negative value, the line of the Sine Differential

Scale is situated at a distance “‘gh” to the left of C.10; but for

“functions” whose graphs fall below “ef” the vertical devia-

tions from “e f” are measured to the right from C.1. The

Inverse Sine and Tangent Differential Scales furnish examples
of the latter group.

Fig. 3 shows the Derivation Graphs for each of the Differ
ential Scales incorporated in the C and D Models.

4 '/
oL
Sle) Grarns Fom:- v T //
Tan, x y = F 74
// V% /
SN, X - ;/r T /
< 1/ $77 7 /’.
(t""-!)—; R = y/d y A=) 5
3 % A ,f"
l.cc‘(.«u;}—" — v

3 7 |7
sw? z—--E // a’; g

0.l A
Tan. x i 7

W

Fig. 8
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